Introduction
Classical homogenization methods, i.e. first-order or Cauchy homogenization procedures, have been proposed and applied to derive the average properties of periodic masonry which depend on the properties of the constituents (brick/blocks, mortar) and their arrangements (see Mistler et al [1] ). However, it is well known that first-order homogenization methods have disadvantages because the size of the micro-structure is considered as irrelevant and hence micro-structural and geometrical size effects are not taken into account in the resulting overall constitutive equations. To overcome the limitations of the classical approach, nonlocal continuum theories, like multi-field and higher order equivalent continua, are usually considered and proper homogenization techniques are developed, with particular reference to material with periodic microstructure.
Overall constitutive equations for a two-dimensional Cosserat continuum representative of some periodic masonry have been obtained in [2] [3] [4] through a homogenization procedure based on an idealization of the masonry as an assemblage of rigid blocks represented as a Lagrangian system composed of bodies interacting through linear elastic interfaces.
Although these approaches provide overall elastic moduli that depend in closed form on the mechanical and geometric characteristics of the components, the rigid-block assumption seems rather restrictive in many cases when brick compliance is comparable to that of mortar. To include this effect a Cosserat computational homogenization of a representative unit cell extracted from the periodic masonry made up of elastic brick units and mortar joints has been proposed in [5] , where the rotational dof of the micropolar homogenized continuum has been identified through a heuristic evaluation of the mean local rotation of the brick units.
Higher-order homogenized equations for periodic, linear elastic heterogeneous media have been deduced in [6] [7] [8] [9] [10] through an extension of the classical asymptotic homogenization theory applied to the microstructural problem. A computational procedure has been developed in [10] and applied to the homogenization of a periodic matrix-inclusion composite; the numerical results showed that including higher-order terms becomes more important as the stiffness contrast between inclusion and matrix increases. Although this approach provides a mathematically rigorous tool of higher-order modeling, it has not been considered for the homogenization of periodic masonry because, as observed in [10] , it results computationally burdensome.
Different micropolar and higher-order homogenization approaches have been proposed in the literature by assuming the micro-displacement in the unit cell as the superposition of a specific polynomial displacement field, depending on the macro-strain components, and an unknown displacement fluctuation field to be evaluated through proper displacement boundary conditions. Since these methods imply the computational solution of the unit cell equilibrium problem, in most cases they are referred to as computational homogenization procedures.
Couple-stress homogenization techniques of periodic heterogeneous materials based on similar assumption of the micro-displacement field in the unit cell have been developed in [11-13 18] , where the effects of boundary conditions on the representative volume element are analyzed and discussed. The Cosserat homogenization technique proposed in [14] and applied in [15] has been extended in [16] to periodic masonry in order to analyze different masonry patterns that cannot be considered by the above mentioned approaches [2] [3] [4] [5] . In [16] the influence of the elastic mismatch between the components on the characteristic lengths of the equivalent orthotropic elastic continuum has been analyzed and validity limits of the homogenization procedure have been discussed. This analysis has highlighted some discrepancies in the results concerning the internal lengths of the masonry unit cell obtained from the Cosserat homogenization. This analysis is considered in the first part of this paper and the results obtained have justified the extension of the present analysis to the secondgradient continua.
Second order homogenization of periodic masonry seems to be an appealing alternative to micropolar homogenization. In fact, second order models do not involve independent rotational degrees of freedom, thereby reducing the complexity of the computational homogenization, and include the gradients of both the normal and shear strain components and of the average rotations. The second-order homogenization, in which the classical (firstorder) continuum at the micro-scale, i.e. the scale of the unit cell, is coupled with the secondorder continuum at the macro-scale or structural scale, is carried out from basic assumptions on the kinematics at the different scales. According to [17] and [18] , the microscopic displacement field in the unit cell is assumed to depend on both the macroscopic displacement gradient tensor and its gradient and on the displacement fluctuation field. Here, this second contribution, which is unknown, is evaluated in the unit cell by prescribing 
( ) * u x being a truncated Taylor's series expansion
and ( ) 
where A is the unit cell area and i n the components of the normal vector to the boundary. In the common case of centro-symmetric unit cell the standard constitutive equations for plane orthotropic elastic materials take the form ( )
where ij Σ is the macro-stress tensor (or mean stress tensor) and
overall elasticity tensor in the Cauchy homogeneous continuum, having four independent elastic moduli.
Micropolar homogenization
The identification of an overall Cosserat medium for materials with periodic microstructure is carried out according to the approach proposed in [14] and extended in [16] to the case of periodic masonry. In the equivalent homogeneous continuum the macro 
reaches a minimum, being R ∆ = − u u u and where
e e is a metric tensor considered to extend the procedure to rectangular unit cells. Accordingly, the macrodisplacements of the unit cell may be related to the micro-displacements ( ) u x as follows:
Moreover, the relative macro-rotation θ and the components i k of the curvature tensor are given in the form
and the macro strain and the mean rotation are given by equation (3) . To include in the formulation [14] the case of rectangular unit cells, equation (5) (2)), is assumed to be homogeneous in the unit cell, so that the polynomial displacement field following equation (2) 
By assuming the micro-displacement field from equations (1) and (8) 
In the following, the components of the macroscopic (Cosserat) strain referred to the unit cell located at y are collected in the following vectors according to the Voigt notation to represent the axial strain
Finally, for a prescribed value of a selected coefficient in equation (8) (the other coefficients assumed to be vanishing) or, alternatively, by a macro-strain component from equation (9), the corresponding fluctuation displacement field is obtained by imposing the periodicity condition at the boundary C of the unit cell that is explicitly imposed on the
To evaluate the overall elastic moduli, the Hill-Mandel approach is adopted, that imposes a condition of macro-homogeneity stipulating that the elastic strain energy M E of the homogeneous equivalent Cosserat continuum at a point can be identified to the mean value of the elastic strain energy m E over the unit cell centered at the same point of the heterogeneous continuum under the same macro-strain condition. This condition can be expressed in the form ( ) ( ) (8), the vector collecting the micro-strain components can be written in the linear form
where { } 
are the matrices of strain localization that depend on the geometry of the unit cell through the micro-displacement fluctuation field ( ) u x . These matrices are obtained by imposing at the boundary C of the unit cell the periodicity condition on the micro-displacement field u that are linearly dependent on vectors α , β e γ . Similarly, equations (9) can be written in the
being matrices related to the matrices considered in equation (11) 
where matrices (11) and (12) the strain energy m E can be expressed as a quadratic form involving the macro-strain components and then matched, by virtue of the Hill-Mandel condition, to the strain energy given by (13) . The overall elasticity matrix and the overall elastic moduli of the homogenized material are obtained once the sub-matrices in expression (13) are evaluated
where matrices are written as
Second order homogenization
To develop second order homogenization techniques it is convenient to express the micro-displacement field in the unit cell in the form ( ) ( ) , = u x u y z , thereby underlining the dependence on the unit cell position y (the macro-position), and on the local position z at a point of interest ( figure 1.a) 
2 H H + of the first-order symmetric strain tensor and the six independent components ijk ikj κ κ = of the second-order strain tensor (symmetric with respect to j and k).
The kinematic at the macro-scale, referred the to the point y, is related to the microdisplacement field ( ) , u y z over the unit cell centered at y. By taking into account equations (1) and (16), the average over the unit cell of the micro-displacement yields 
that establishes a linear relation between the components of the second-order strain and the micro-displacement field u .
The second order homogenization is carried out by imposing proper conditions on the micro-displacement on the unit cell. The periodicity over the boundary C of the micro- field, all the components of the second-order strain may be applied to the unit cell. In fact, the periodicity condition at the unit cell boundary are not sufficient to characterize all the elementary deformations of the unit cell, because of the peculiar structure of equation (16) and of the symmetries of the second-order strain tensors, and only depend on the secondorder strain components. 
C , Y and S being the sub-matrices of the second-order elastic stiffness matrix ( C and S are symmetric). In analogy to the procedure considered in the previous section, the micro-strain
22 12 2 ε ε ε ε = z is written in the following linear form
so that the mean value of the elastic strain energy m E over the unit cell turns out to be a quadratic form of vectors E and κ . By a comparison of the strain energies, the submatrices are obtained in the form:
By noting that 
In the case of centro-symmetric unit cell, one obtains orthotropic constitutive equations with 0 Y = here rewritten in the form
where the vectors 
Numerical application and comparisons
In order to evaluate the homogenization procedures summarized in the previous section, some periodic masonry made of plain bricks arranged in a running bond pattern was analyzed with reference to the unit cell shown in Fig. 1 Table 1 , while the non-vanishing moduli of the equivalent Cosserat continuum in (14) are given in Table 2 . Finally, the elastic S introduced in (25) for the second order continuum are given in Table 3 . (14)).
10 m E 7.143E+03 4.461E+03 -3.876E+03 5.816E+06 1.180E+07 2 10 m E 2.674E+04 1.385E+04 -1.662E+04 2.429E+07 2.813E+07 Table 3 . Elastic moduli: Second order homogenization (Equation (23)). 1 12 S (N) 1 13 S (N) 2 12 S (N) 2 13 S (N) 2 23 S (N) (Fig. 2.b) , while the latter case refers to horizontal brick layers (HBL model) (Fig.2.c) . In both cases the height L of the column is 10 n = times the corresponding size of the unit cell
The bottom edge is fixed, while a horizontal displacement 100 L ∆ = is prescribed on the top edge; the rotations at the bottom and at the top edges are restrained (homogeneous Cosserat model 0 φ = ; second order models 21 0 Ω = ).
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while the extensional characteristic lengths of the second-order continuum are 2  1  2  2  11  11  1  2  1111 2222
According to equations , the characteristic lengths for the considered unit cell are given in Table 4 . The values of the mean shearing force 1 t acting on horizontal planes of the BSL-VBL model (independent on 2 x ) evaluated from the different models considered in the present analysis are given in Table 5 , where n denotes the number of unit cells in the height L. While the shearing force obtained by the first-order model is independent of n, the values obtained by the second-order models are close to the corresponding one from the heterogeneous model. Table 5 . Tangential traction at the top edge (1st=Cauchy , C=Cosserat, CS=Couple-stresses). Finally, the diagrams in Figure 5 show the ratio of the symmetric part ( ) 
Conclusions
The in-plane response of elastic periodic masonry has been analyzed with reference to both micropolar and second-order homogenization techniques. A standard running bond masonry was considered and the elastic orthotropic moduli were evaluated according to 
Appendix A
The matrices that define the integrals in (14) can be expressed as: 
